24 tests. The asymptotic distribution of the test statistics is derived and its Pitman efficiency is worked out with respect to some competing tests. For the illustrative purpose, a numerical example for a real life data set is provided. The simulation study is carried out to assess the power of proposed tests.
INTRODUCTION
Let X 1 , … , X n 1 and Y 1 , … , Y n 2 be two independent random samples from populations X and Y having absolutely continuous distribution functions (cdfs) F (x) and G (x) , respectively with common known quantile q of order q, that is, F (
Without loss of generality, we assume that q is zero for prespecified q. Suppose that the populations X and Y are alike except differing in their scale parameters. Thus, if we take G (x) = F (x/ ) , then we wish to test the null hypothesis:
against the alternative hypothesis:
Under the null hypothesis, X ′ s and Y ′ s are alike, but under the alternative, Y ′ s will have more variation than X ′ s.
For the above problem, with the condition that two distributions have same median, many nonparametric tests are available in literature including Mood [1] , Sukhatme [2, 3] , Ansari and Bradley [4] , Siegel and Tukey [5] , Capon [6] , Klotz [7] , Tamura [8 10 ], Yanagawa [11] , Kochar and Gupta [12] , Kössler [13, 14] , Öztürk [15] , Kössler and Kumar [16] , and references cited therein.
Nonparametric tests for the two-sample scale problem with common quantile different from median was initially proposed by Deshpande and Kusum [17] , which was further modified by Kusum [18] , Mehra and Rao [19] , Mahajan et al. [20] , and Kössler and Kumar [21] . This type of problem has several practical applications.
As an example, consider the survey of Hills M. and M345 course team of The Open University, given in Hand et al. [22] , in which the survey team asked from two groups of students to guess the width of a lecture hall in the metres for group 1 and in feet for group 2. In this survey, 5% of students guess the width less than the common width for both the groups, which shows that both groups do not have the same median but rather have same quantile of order 0.05. Now, in such a case the testing problem is to check whether the variation in guessing in metres is more than guessing in feet or not, when both groups have common quantile of order 0.05.
The tests are proposed in Section 2 and their distributions are established in Section 3. The comparison of tests with respect to (w.r.t.) some existing tests, in terms of Pitman asymptotic relative efficiencies (AREs) is given in Section 4. To see the implementation of proposed tests, an illustrative example is provided in Section 5. In Section 6, Monte Carlo simulation study is carried out to assess the performance of proposed tests.
THE PROPOSED TESTS
Consider m and j as fixed nonnegative integers such that 1 ≤ 2m + 1 ≤ n 1 and 1 ≤ j ≤ n 2 . Define the following two kernels h (1) and h (2) as h (1) ( X 1 where M X = Median of X 1 , … , X 2m+1 .
The two-sample U-statistics associated with kernel h (c) , c = 1, 2 is defined as
where s is summation extended over all possible combinations ( i 1 , … , i 2m+1 ) of (2m + 1) integers chosen from (1, … , n 1 ). The test rejects H 0 in favor of H A for large values of U (c) m , c = 1, 2. In particular 1. For m = 0, the test statistics U (1) m corresponds to test statistics of Sukhatme [2] .
2. For m = 0, the test statistics U (2) m corresponds to test statistics of Deshpande and Kusum [17] .
Thus the proposed U-statistics U (1) m and U (2) m are the extended version of tests of Sukhatme [2] and Deshpande and Kusum [17] , respectively.
DISTRIBUTION OF THE TEST STATISTICS
The expected value of U (c)
For c = 1,
For c = 2,
The following theorem provides us the asymptotic normality of U (c) m which follows from the well-known theory of U-Statistics (see Lehmann [23] ).
] as N → ∞ in such a way that that (n 1 /N) → , 0 < < 1, is normal with mean zero and variance,
Here (c)
where
Under H 0 , after some involved computations, we establish the asymptotic null variance,
where for c = 1, 
ASYMPTOTIC RELATIVE EFFICIENCY
Now, we compare the proposed tests based on U (c) m w.r.t. some existing tests for two-sample scale problem, namely, Sukhatme [2] test (S), Deshpande and Kusum [17] test (DK), Kusum [18] test (K), Mahajan et al. [20] test (MGA), and some members of Kössler and Kumar [21] test (T k ). We also compare proposed tests U (1) m and U (2) m with each other as well. The efficacies of S, DK, K, MGA, and T k tests are
In the following Tables 1 10, we have computed the AREs of U (1) m and U (2) m tests w.r.t. competing tests for some underlying distributions. From the ARE tables, we observe the following: 
AN ILLUSTRATIVE EXAMPLE
To see the execution of the tests based on U (c) m , we consider the data of the survey of Hills M. and M345 course team of The Open University, given in Hand et al. [22] . In this experiment, two groups of 44 and 69 students were asked to guess the width of a lecture hall in metres and feet, respectively. It is of relevance to check whether there is greater variation in guessing the width in metres in comparison to guessing the width in feet.
By using Kolmogorov Smirnov test, we have seen that the data set follows Cauchy distribution at 5% level of significance and has common quantile of order 0.05, that is, q = 0.05. Therefore for U (2) m test, by using the observation 3, made in Section 4, one should consider m as large as possible to have maximum gain in efficiency in comparison to competing tests.
The values of computed U (1) m and U (2) m tests statistics, and the competing test statistics along with their p-values are given in Table 11 . We note that at 5% level of significance, the null hypothesis of same variability in guessing the width in metres in comparison to guessing the width in feet is rejected by tests K, T 2 ,T 3 ,T 4 , and U (2) m (m = 1, 2). However, for tests S, DK, T 1 , MGA, U (1) m (m = 0, 1, 2), and U (2) m (m = 0) tests the null hypothesis is not rejected.
SIMULATION STUDY
In this section, using Monte Carlo simulation technique, we have computed the estimated power of U common distributions, namely, (i) uniform, (ii) normal, and (iii) Cauchy. The scale parameters considered are = 1.5 (0.5) 3 and level of significance is fixed at 5%.
The idea behind the selecting these three distributions, is that the uniform, normal, and Cauchy have short, medium, and heavy tail, respectively. So it is of relevance to see the test performance for these distributions in terms of power.
The estimated powers are given in Tables 12 17. 4. Also the power of U (2) m test is equivalent to U (1) m test for q = 0.5, and the power of U (2) m test is greater than U (1) m test for q ≠ 0.5, for all choices of m. This authenticates the observation 4, of Section 4.
For all other U
(1) m and U (2) m tests, one needs to take larger sample size, to detect the change of scale of the same order. This once again authenticates the computations of AREs as well.
